We present a variety of computational techniques dealing with algebraic curves both in the plane and in space. Our main results are polynomial time algorithms (1) to compute the genus of plane algebraic curves, (2) to compute the rational parametric equations for implicitly defined rational plane algebraic curves of arbitrary degree, (3) to compute birational mappings between points on irreducible space curves and points on projected plane curves and thereby to compute the genus and rational parametric equations for implicitly defined rational space curves of arbitrary degree, (4) to check for the faithfulness (one to one) of parameterizations.
Introduction
Effective computations with algebraic curves and surfaces are increasingly proving useful in the domain of geometric modeling and computer graphics where current research is involved in increasing the geometric coverage of solids to be modeled and displayed, to include algebraic curves and surfaces of arbitrary degree, see [9, 23] . An irreducible algebraic plane curve is implicitly defined by a single prime polynomial equation f(z, y) = 0 while irreducible algebraic space curves which are the intersection of two algebraic surfaces are implicitly given by a pair of polynomial equations f(z,y,z) = 0 and g(z,y,z) = 0 (which generate a prime Ideal). Rational algebraic curves have an alternate representation, namely the parametric equations which are given respectively, as (x(t), y(t) ) for a plane curve and (z(t), y(t), z(t) ) for a space curve, where z(t), y(t) and z(t) are rational functions in t, i.e., the quotient of polynomials in t. All the polynomials considered here are assumed to be defined over an algebraically closed field of characteristic zero, such as the field of complex numbers.
In this paper we consider a variety of computational techniques dealing with algebraic plane and space curves, both in the implicit and rational parametric representations. Though all algebraic curves have an implicit representation only irreducible algebraic curves with genus = 0 are rational. Genus, a birational invariant of the curve, measures the deficiency of singularities on the curve from its maximum allowable limit. It is also equal to the topological genus (i.e. the number of handles) when the algebraic curve is viewed as a closed manifold in four dimensional real space. We present algorithms to compute the genus of plane and space algebraic curves, and when the genus is zero, algorithms to compute the rational parametric equations for implicitly defined rational algebraic curves of arbitrary degree. We also present algorithms to check whether a parameterization is faithful (i.e. one to one). Various algorithmic techniques are used, such as the mapping of points to infinity, the "passing" of a pencil of curves through fixed points, the "blowing up" of singularities by aifme quadratic transformations, computing "valid" projections, the Taylor resultant, etc. *Supported in part by ONR contract N00014-86-0689 under URI, ARO contract DAAG29-85-C-0018 under Cornell MSI and ONR contract N00014-88-K-0402 tSupported in part by NSF Grant MIP 85-21356, ARO Contract DAAG29-85-C0018 under Cornell MSI and ONR contract N00014-88-K-0402
Prior Work
Much of the work in algorithmic algebraic geometry dealing with algebraic curves is classical, dating to the pre-1920's, see [16, 19, 22, 24, 25, 29, 31, 32, 36, 38, 44, 48 ] . However, it was not till the fundamental work of [17, 26, 49] that algebraic geometry found a firm footing, free of the falacies which the earlier classical methods were often troubled with. Modem algebraic geometry nevertheless has its drawbacks in usually being quite abstract and non-constructive. Notable exceptions have been [2, 15, 43] amongst some others. In answering questions arising in geometric modeling and computer graphics, our research efforts here are to recast much of classical and modern algebraic geometry into a constructive framework, using efficient computational techniques from computer algebra and computational geometry. We now consider specific problems dealing with algebraic curves and briefly sketch their computational history. A variety of (complicated) algorithms have been presented for computing the genus of algebraic curves: by counting the number of linearly independent differentials of the first kind (without poles) [21] , the computation of the Hilbert function [30] , the computation of ramification indices, [20] and via normalization [45] . The method of this paper uses affme quadratic transformations of [2] and is noteworthy for its simplicity.
Various computational methods have been given for obtaining the parametric equations for special low degree rational algebraic curves: degree two and three plane algebraic curves, [3, 4] the rational space curves arising from the intersection of certain degree two surfaces, [27, 33] . The parameterization algorithms of this paper are applicable for algebraic curves of arbitrary degree and are based on work in [5, 6] .
The reverse problem of converting from parametric to implicit equations for algebraic curves, called implicitization is achieved by straightforward elimination methods, i.e., the computation of polynomial resultants, see [8, 37, 42] . Efficient computation of polynomial resultants, also known as the Sylvester resultant, see [25, 39, 46] has been considered by various authors: for univariate polynomials, [14, 40] , for multivariate polynomials, [13, 18] .
Another fundamental problem has been the resolution of singularities for algebraic curves and surfaces. For curves there have been numerous proofs, by Riemann, Dedekind, Noether and recently Abhyankar [2] . A constructive version of the desingularization theorem has been effectively used in the reliable tracing of algebraic curves, see [10] and in efficient algorithms for generating configuration space obstacles for motion planning, see [11, 12] .
Main Results
We base our upper bound analysis on the RAM model with basic arithmetic operations being of unit time cost, see [7, 41] , ignoring for the present the computational costs arising from the growth in size of algebraic numbers. In section 2 we give an algorithm to compute the genus of an irreducible algebraic plane curve of degree d in O(d 8 + d2T(d2)) time. Here T(d) = O(dSlog2d + d21ogd Iog(1/, ) is the time taken to compute all d real and complex root isolations, with e precision of a degree d univariate polynomial [34] . In section 3 we present an O(d4logSd) time algorithm to construct rational parameterizations for a class of algebraic plane curves of degree d having a d-1 fold distinct singularity.
In section 4 we generalize the algorithm of section 3 to provide rational parameterizations for all rational algebraic plane curves of degree d in O(dSlogSd + d2T(d2)) time. Crucial here is the distinction between distinct and infinitely near singularities of an algebraic curve of section 2. In section 5 we consider irreducible algebraic space curves which are the intersection of two algebraic surfaces. We present an O(dSlogSd) time algorithm to construct a projected plane curve whose points are in birational correspondence with a given space curve. This then generalizes the algorithm of section 2 to compute the genus for algebraic space curves as well as generalizes the algorithm of section 3 and section 4 to provide rational parameterizations for rational space curves, in time bound by the plane curve case. In section 6
we present an O(d41ogSd) time algorithm to check for the faithfulness (one to one) of parameterizations as well as to compute the singularities of parameterically defined algebraic curves.
